Abstract In order to calculate the transmissivity from the inverse problem corresponding to the groundwater flow in an isotropic horizontal aquifer, a numerical conservative approach is tested. The method deals with triangulation of the domain and applies the conservation of mass to elements of the mesh using the harmonic mean for internodal transmissivities. An optimal sweeping algorithm is used to evaluate nodal transmissivities from one element to another with a minimal relative error accumulation. The practical importance of the method is demonstrated through two synthetic examples representing those experienced in the field, then through application to a Moroccan aquifer. The computed hydraulic head is well fitted to the reference one, which confirms the validity of the identified transmissivity model. Identification conservative des transmissivités : théorie, expériences numériques et application à l'aquifère côtier du Rharb (Maroc) Résumé Nous proposons une approche numérique conservative du problème inverse pour restituer les transmissivités à partir de données relatives à un écoulement souterrain dans un aquifère horizontal isotrope. La méthode s'appuie sur une triangulation du domaine et applique le principe de conservation de la masse aux éléments du maillage en utilisant la moyenne harmonique pour l'estimation des transmissivités internodales. Un algorithme de balayage optimal est exécuté pour estimer les transmissivités nodales en minimisant l'erreur relative. L'intérêt pratique de la méthode est démontré à travers deux exemples synthétiques représentant des situations similaires à celles susceptibles d'être rencontrées sur le terrain, ainsi qu'à travers une application concrète à un aquifère marocain. La piézométrie calculée se cale bien à la piézométrie de référence, ce qui confirme la validité du champ de transmissivité identifié.
INTRODUCTION
Flow and transfer problems are of paramount importance for water resources research and management. In real world applications, the lack of some characteristics in field studies has called for the investigation of inverse problems in the context of parameter identification. Classically, the inverse problem has been posed as a Cauchy problem whose solution is obtained by integration along flow lines (Nelson, 1960 (Nelson, , 1961 Chavent, 1971) . The identification of distributed transmissivities from the inverse
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problem corresponding to steady-or quasi-steady-state flow through a two-dimensional isotropic aquifer is investigated. Indeed, the transmissivity can be obtained from pumping tests in the field, but this becomes costly if the domain is too large. Yet, piezometric maps are often available, at least from hydrological archives of the aquifer, which explains the use of mathematical and numerical estimation of the transmissivity. Giudici et al. (1995) described briefly in the introduction of their paper most of the previous work on this topic, and proposed a new procedure for identifying internodal transmissivities in a finite differences lattice. Their method (the Differential System-DS-method) requires two different steady-state situations together with a value of transmissivity at one point of the domain. The drawback of this kind of method, first considered by Scarascia & Ponzini (1972) , is that the sets of data must be independent, i.e. the hydraulic gradients relative to the situations must be nonparallel in every point where evaluated. Actually, in large aquifers, the change in boundary conditions, values and/or source terms does not affect greatly the flow direction. Moreover, the applicability of these methods remains restricted to a finite differences decomposition of the domain, which is not convenient for irregular boundaries and data representation. In an attempt to avoid these limitations, a numerical technique is introduced, based on the mass balance principle considered as intrinsic to the groundwater flow. Only one aquifer situation is required to determine the transmissivity within the whole domain, provided that it is known on at least two internal neighbouring vertices of a triangular mesh.
The remainder of this paper is divided into two main parts. In the first part, the conservative identification (CI) method is described, and a sweeping algorithm is given allowing the calculation of nodal transmissivities. Then, the method is tested for two synthetic examples. The second part is devoted to the identification of the transmissivity model of the Rharb coastal aquifer, Morocco, using the steady-state flow situation observed in 1992 from the surveying of some piezometers. As for initial data of transmissivity, 10 values were available from pumping tests. The assumption of local homogeneity together with the band geometry of the domain allowed separate sweeps of six sub-regions of the aquifer, computing all the nodal transmissivities. As tested in the synthetic examples, the estimated transmissivities reproduce in the model the reference piezometric head with a minor error difference.
CONSERVATIVE IDENTIFICATION METHOD
In the framework of Darcy's law, the groundwater flow in a bounded domain Q. representing a two-dimensional horizontal aquifer is considered. The steady-state mass balance equation describing this problem is as follows (Bear, 1972) :
where T(x, y) stands for a transmissivity tensor, h(x, y) is the piezometric head and fix, v) is the source term including sources and sinks. Here the medium is assumed to be isotropic and then T reduces to a scalar. If the flow is only quasi-steady, the small time variations of the head may be neglected. Since objective subsurface flow modelling must deal with real simulations, a triangulation X/, was chosen. In fact, the triangulations are the best decompositions that fit the boundaries of the aquifers and take as mesh vertices most of the experimental points which represent piezometers, sources and drill holes. The inverse problem is formulated as follows: given a head distribution h(x, y) and its corresponding source term fix, y), find the distributed transmissivity T(x, y), In this study no additional contribution is brought to the theoretical study of this problem, but rather, a computational method is given that solves the inverse problem locally in each element of T/,. Let O be partitioned into a set of control volumes V, surrounding the vertices i of X;, and made from concentric elements, as sketched in Fig. 1(a) . Then the flow through the face y y =V i nV J bisecting e tj - [y] , is usually evaluated as follows:
where meas(Yy) and meas(gy) are length of Yy and <? y respectively, and T y is the harmonic mean of 7, and 7), given by:
Now, as the transmissivity is assumed isotropic, the flow can be evaluated through e,; using the same transmissivity Ty. Consequently, the integration of equation (1) over the element K ~ £\{ijk) displayed in Fig. 1(a) yields, by application of Green's identity:
where n y -is the unit normal vector on e y outward to K. To simplify further writings of equation (4), let a, (3 and Y stand for T, , 7} and T k respectively and denote: If the transitussivity given at two vertices of K, say i and j, is assumed to be known, equation (5) reduces to the following second order equation of unknown Y which is the transmissivity of the third vertex k:
where s = (j fdSljl 2 + ape /(a + P).
It is clear that if a and P are exact values, the coefficients of equation (6) depend only upon the hydraulic gradient and the source term. Therefore, the precision of the computed value Y is closely related to the accuracy of the calculation of J Vhn^ds and J fàSl. For the first integral, the following approximation was retained:
where ?/ = {K e T A : / is a vertex of K] and card(^) is its cardinal (i.e. the number of its elements). This local procedure of solving the inverse problem can be repeated by taking the output transmissivities as data for neighbouring triangles. Thus, the application of the method requires a sweeping over the mesh, which is detailed below.
Sweeping algorithm
Since the conservative identification method deals with the determination of nodal transmissivities locally on triangles, it was necessary to develop a sweeping algorithm that allows the computation on all of the mesh nodes. An algorithm has been developed that sweeps internal vertices, beginning with the one known, together with a surrounding node, i.e. the two nodes where the transmissivity is given. For each vertex, a local sweeping is made over the surrounding triangles in the order schematized in Fig. 1(b) . The calculation over boundary elements is discarded to avoid the incorporation of prescribed fluxes into equation (4). Concerning the additional required data related to the mesh, they are produced automatically from the connectivity.
As stated above, the treatment of each element reduces to the resolution of an equation such as (6). So, if the problem is unsolvable, or negative roots are computed due to the error propagation, the calculation of the node jumps to another neighbouring element. The algorithm sweeps the mesh vertices three times: backwards, then forwards from the initial vertex, and then backwards to the first internal one. Generally, after this threefold sweeping, only a few nodes remain uncalculated and are subsequently allocated mean values of their surrounding nodal transmissivities. Besides, experimental values are kept unchanged. Naturally, if more pairs of transmi ssivity are available, each sub-region surrounding a pair is swept separately, so that the risk of bad error propagations is minimized. After the calculation of all node points, the transmissivity model is checked through computing nodal relative errors given by (T r -T c )/T r , where T r and T c are respectively the real and calculated transmissivities.
Synthetic examples
This section is devoted to numerical tests and validation of the CI method, for which two synthetic examples have been chosen. The preparation of data was done by solving the forward problem. To this end, reference physical transmissivities were fixed and a finite volume element scheme (Cai, 1991) using the harmonic mean for internodal transmissivities was applied. Then, the obtained distributed head, together with the corresponding source term and the reference transmissivity on some nodes, formed the input of the CI method. The transmissivity was assumed to be known at some pairs of neighbouring internal nodes. After identification, validation was made by the computation of nodal relative errors and the comparison of calculated hydraulic heads to the corresponding reference ones.
Example 1 A hexagonal domain divided into 150 equilateral elements with 91 nodes was taken (Fig. 2) . The right-and left-hand boundaries of the domain were assumed to be impervious; for the upper and lower boundaries, heads of 20 and 0 m, respectively, were prescribed. The reference transmissivity was assumed to vary in the domain according to the equation:
The source term was assumed to be induced by rainfall infiltration and was given by:
Therefore, the situations were differentiated only by the knowledge of experimental transmissivities. Case 1, Case 2 and Case 3 correspond respectively to given transmissivities for the pair (45, 46), the two pairs (17, 18)-(73, 74) and the four pairs (17, 18H33,34)-(57,58)-(73,74). The relative errors on the distributed transmissivities produced for Case 3 are given in Fig. 2 . The error was generally good near experimental points, but did not propagate badly. It was, in some sense, curbed by the mass conservation. From Table 1 •18 Nodes with experimental transmissivity error percentages increased when more pairs of experimental transmissivities were used. Besides, as can be seen from Fig. 3(a) , the fit of computed heads to the reference head also improved from Case 1 to Case 3. However, the deterministic check of methods identifying transmissivities must be done through reproducing the hydraulic head under other different flow situations. The model directly derived from Case 3 was used to reproduce the piezometric head repartition on the domain under an excessive exploitation, where the source term would be:
f(x,y) = -feo -Jt/1000) 2 + [y/(l00Osin(7t/3))-5] 2 }o.0005 m 3 s~'
The comparison of calculated and reference heads is shown in Fig. 3(b) . A good fit was observed, as the maximal difference did not exceed 1.01 m. This constitutes an outstanding result compared to those of the DS method of Giudici et al. (1995) , and so emphasizes the ability of the CI method to yield conservative transmissivity models which are very close to the reference ones. This method could be reliable for a first prediction of aquifer properties and for management.
Example 2 The second example was set up over the domain represented in Fig. 4(a) . This latter is partitioned into 85 elements with 56 node points. Respective heads of 0 and 6 m are prescribed on the left and right thick boundaries. The reference transmissivity was assumed to be given by the same formula as the first example, except that the domain was not so large, so this formula did not induce large variations of the transmissivity which rang ed from 0.01198 to 0.02209 mV 1 . Although the aquifer tends to be homogenous, this could not be assumed a priori, since the method assumes the transmissivity model to be mostly unknown. The source term used to produce the reference head is: f(x,y) = 0.004 m 3 s"
1
. In this example, the calculation was processed using only the pair (24, 29). Here, 19 nodes were not resolved by the CI method; but after averaging these nodes using surrounding transmissivities, 34 nodes had an error lower than 30%. The matching of calculated and reference heads is shown in Fig. 4(b) , and is significantly good, since the maximal difference is just 0.23m.
About stability
For the two examples, some perturbations of head data were considered, assuming independent normally-distributed errors with zero means and variance a 2 e . The number of nodes whose relative errors are lower than or equal to 30% are reported in Table 2 for increasing a e , and are used as indicators of the anticipated global instability.
However, it is to be noted here that the computational method described herein can be viewed as a counterpart of the DS method (Giudici et ai, 1995) for triangular meshes. On the other hand, the result obtained from the CI method could be considered as good initial data for other identification or adjustment techniques. 
APPLICATION TO THE RHARB COASTAL AQUIFER
Geological setting of the study region The study area is located in northwestern Morocco and comprises part of the extensive Rharb foreland basin, downstream of the Rharb plain (Fig. 5) . This basin has been formed on a subsiding zone during the alpine orogeny by the advancement from the northeast of allochthonous masses overthrusting the hercynian basement of the Meseta. The basin was filled by erosional materials originating from the emergent Meseta to the south and the Prerifan hills to the north (Cirac, 1985; Flinch, 1993) .
The prevalent depositional environments were continental; this induced frequent lateral and vertical facies variations within the Rharb aquifer system, as has been documented by geoelectrical and sedimentological studies (ADH, 1994) . However, the coastal zone, which is the object of the present study, shows more homogeneous fades. This may be explained by the marine-continental transitional character of the depositional environments in this zone. Its aquifer consists mainly of sands, sandstones, shaly calcarenites, intercalated with one discontinuous shaly layer varying in thickness from 0 to 20 m. The substratum consists of a Tortonian marly formation whose thickness varies from 800 to 2000 m (Flinch, 1993) . It underlies the hydrogeological Rharb basin in an asymmetrical manner, outcropping in the Lalla Zohra hills to the north, and dipping southward to reach a depth of 250 m in the centre of the basin.
Discretization and boundary conditions
The eastern boundary of the domain, drawn in Fig. 5 , was chosen to lie approximately on the extension limits of clay lenses forming the complex Rharb aquifer system and of impervious surface silts. The northern edge follows the substratum outcrop and is modelled as a no-flow boundary. Moreover, prescribed heads along the eastern and southern boundaries are essential for the evaluation of flow by the numerical model. On the coastal boundary, where freshwater discharges to the sea, the head specification is less important, as the piezometric head usually approaches the sea level. A discretization by triangular elements was retained to fit the irregular boundary of the aquifer. Thus, the study domain was divided into 649 triangles with 380 nodes.
Estimation of the transmissivity of field
In the Rharb zone, the exploration and production drillings are generally followed by pumping tests interpreted by the Theis method (Combe, 1969) . Ten experimental points were selected in the study region, the locations of which are plotted in Fig. 6(a) . These values comprise the initial data for the sweeping referred to below. The steadystate set of data required by the CI method is formed by the steady hydraulic head distribution of 1992 (Figs 6 and 7(b) ) and the corresponding source term quantified through the water mass balance (Table 3) . In this application, only the two pairs (T 2 , T 4 ) and (T 5 , T 7 ) were available south of the aquifer; and the remaining transmissivity data were six single values scattered throughout the aquifer band. In order to deal with this inadequacy of data for the CI method, the aquifer was assumed to be locally homogeneous, and four of these values (T 3 , Tg, T 9 and TJO) were assigned to chosen neighbouring nodes, in order to have four ) in the Rharb coastal aquifer, (bl) computed head from the transmissivity model identified using one pair (T 9 , T 9 ), and (b2) the computed piezometry fitted to the reference head (1992). additional pairs noted (T 3 , T 3 ), (T 8 , T 8 ), (T 9 , T 9 ) and (Ti 0 , Ti 0 ). Thereafter, the domain was decomposed as shown in Fig. 6(a) , and the sweeping algorithm was run in each sub-region starting from its corresponding initial pair of transmissivity. The transmissivity map is given in Fig. 7(a) .
Validation of the calculated transmissivities
The fit between calculated and reference heads is good enough, as shown in Fig. 7(b2) . As reported in Table 4 , the maximal head difference is only 65.6 cm and 340 nodes have a difference of less than 20 cm. Actually, the band geometry of the aquifer and its essentially lateral position in relation to the flow direction resulted in a quasi independence of flow in the sub-regions, which was appropriate for the algorithm. This is because the error propagation generated by the sweeping algorithm in a sub-domain does not particularly affect the flow in the other sub-domains. This consistent interpretation, linked to the applicability of the method and its limitations, including the availability of data, is demonstrated through the estimation of three other transmissivity models using, respectively, the pair (T 9 , T 9 ), the two pairs (T 9 , T 9 ) and (Tio, Tio), and the three pairs (Tg, Tg), (T 9 , T 9 ) and (Tio, Tio). For instance, only the first model succeeds in yielding a relatively good calculated head in the sub-domain surrounding pair (T 9 , T 9 ) ( Fig. 7(bl) ). Besides, the improvement of the fitting with the increase of experimental pairs is also noticed and is illustrated in Table 4 .
CONCLUSION
Striking numerical results were obtained from this conservative approach of transmissivity identification requiring only one steady-state set of data. Indeed, the CI method has proved to be efficient in yielding very good models by knowledge of a few experimental transmissivities. The process of identification operates in sub-regions surrounding pairs of experimental values. However, one may double an experimental transmissivity available in a part of the domain if the medium is locally homogeneous. The computational tests performed over two different synthetic examples showed the ability of calculated models to reproduce hydraulic heads which are very close to the reference ones. The method also permitted efficient identification of the transmissivity model of the Rharb coastal aquifer using only ten experimental transmissivity values. The model was validated by the very good fit between computed and reference heads. It is intended to improve on this model by incorporating new additional information on the aquifer, and to use it in the simulation of contamination by sea-water intrusion from the western Atlantic coast and by the spread of domestic waste from the eastern multisystem aquifers.
Owing to the simple theoretical derivation of this method, it is believed that great developments may be made by connecting it to other techniques of identification or adjustment. If not, the CI method demonstrated, at least by its encouraging results, the applicability of the mass conservation concept in direct approximation of inverse problems.
